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Abstract

This study introduces a novel theoretical model for upscaling colloid transport from
the grain scale to the Darcy scale under both favorable and unfavorable conditions. The
model integrates colloid interception history, where an interception occurs when colloids
enter the near-surface zone within 200 nm of a collector, to capture the traditional ex-
ponential retention profile, as well as the anomalous, non-exponential behaviors observed
under unfavorable conditions. The development of this theoretical model is based on a
two-stage framework: first, upscaling from the grain scale to the single-interception scale,
followed by upscaling from the single-interception scale to the Darcy scale. The initial
stage addresses the distribution of colloids corresponding to a given interception order.
The second stage focuses on the distribution of colloids across multiple interception or-
ders. The key innovation of this work is the inclusion of the colloid removal process, where
a fraction, denoted by α, is removed at each encountered interception, rather than with
each grain passed, as specified by classical colloid filtration theory. Our model accounts
for scenarios under unfavorable conditions wherein if α remains constant, the distribution
is exponential, albeit shallower relative to favorable conditions. Additionally, the model
considers cases where α varies with interceptions, leading to multi-exponential and non-
monotonic retention profile shapes. In both scenarios, the proposed theoretical model
offers a mathematical representation of colloid retention profiles under favorable and un-
favorable conditions, including those exhibiting anomalous shapes.
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1 Introduction

The transport of colloidal particles, typically ranging in size from 10 nm to 10 µm, in complex
environmental systems has garnered significant interest across various research communities
[23, 29]. A colloid retention profile (RP), defined here as the number of retained colloids
in the hosting medium as a function of distance, has been widely used as a key indicator
of the spread of colloids within environmental systems [23, 29]. In laboratory experiments
conducted using identical colloids under unfavorable conditions, where a repulsive energy
barrier is present and sufficiently strong to prevent any physical contact between the colloids
and the grains of the hosting medium, RPs exhibited two distinct shapes, multi-exponential
and nonmonotonic, that deviate from the exponential RPs typically observed under favorable
conditions, where the repulsive energy barrier is either absent or negligible [5, 19, 20, 31]. This
deviation highlights the complex interplay between hydrodynamic forces and near-surface
interactions under unfavorable conditions. This underscores the need for further investigation
to understand better and predict colloid transport and retention behavior in environmental
systems.

Under favorable conditions, colloid transport can be effectively described by the advection-
diffusion-reaction equation with a first-order reaction term to capture attachment processes
[10]. This aligns with experimentally observed exponential RPs under favorable conditions
[16, 20, 32], as explained by Colloid Filtration Theory (CFT) [35], which attributes loss of
a fraction of colloids with each grain passed. Mechanistic models and empirical correlation
equations, based on simplified geometries like the Happel Sphere-in-Cell, have been developed
to predict these exponential RPs [15, 24, 26]. A key parameter derived from these models is the
”collector efficiency” (η), which quantifies the proportion of colloids that intercept a collector
to those approaching it. These models have reliably estimated η under various advection and
diffusion scenarios, enabling its direct application in calculating the attachment rate constant
under favorable conditions (kf ). Overall, CFT considers a constant fractional removal from
the bulk fluid (outside the NSZ) with each grain passed, yielding an exponential decay of
colloid population with distance.

In contrast, predicting anomalous RPs, characterized by multi-exponential or nonmono-
tonic shapes observed under unfavorable conditions, represents a significant challenge that still
requires extensive investigation. Theoretically, the presence of a sufficiently large repulsive en-
ergy barrier under unfavorable conditions, from DLVO and/or extended DLVO theory, should
prevent any colloid from attaching to the grains of the medium. One possible mechanism to
explain colloid attachment under unfavorable conditions is the presence of local surface charge
heterogeneity (heterodomains) on the surface of the hosting medium. These sufficiently large
heterodomains can locally eliminate the repulsive energy barrier, thereby allowing colloids
to attach to the surface of the hosting medium. These heterodomains can locally eliminate
the repulsive energy barrier, thereby allowing colloids to attach to the surface of the hosting
medium [25, 27, 28]. In the development of models capable of predicting RPs under unfavor-
able conditions, one approach has been an upscaled two-population model, suggesting that
colloid populations can be divided into fast- and slow-attaching subpopulations [11, 12]. In
this model, fast-attaching subpopulations, representing a fraction α1 of the total population,
are assumed to attach at a favorable rate (kf ). In contrast, the slow-attaching subpopula-
tions are described as attaching more slowly, governed by their interaction with grain surfaces
through two exponential steps: the rate of entry into the near-surface zone (NSZ) via diffusion
(kns) and the rate of attachment within the NSZ (k∗f2). These rate parameters collectively
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describe colloid transport and retention under unfavorable conditions. The fast-attaching
rate (kf ) corresponds to the rate observed under favorable conditions and can be directly
calculated using classical filtration theory (CFT) correlation equations [10, 24]. Meanwhile,
calculating kns and k∗f2 requires data from mechanistic trajectory simulations to parameterize
the upscaled formulas [11]. A complementary approach estimates the rate coefficients from
experimental data using an inverse modeling approach [34].

The notion that multiple rates govern the transport of identical individuals has remained
a subject of debate, as it is not clear why identical colloids should behave differently. In this
context, colloid transport under unfavorable conditions has been examined, emphasizing the
influence of interception history on transport variability in porous media by [33] . Through
pore-assembly simulations [1, 2], they classified attached colloids based on the number of grains
they intercepted (entering their NSZ) before attachment. They introduced α as the fraction
of colloids that attach upon interception and kf as the attachment rate constant. Under
favorable conditions, their findings indicated that nearly all colloids attach during their first
interception (α ≈ 1) with the favorable attachment rate (kf ), thus replicating classical the-
ories. Conversely, under unfavorable conditions, the attachment process was found to occur
after multiple interceptions. They further categorized the attached population into single-
interceptors, which are attached upon their first interception, and multi-interceptors, which
are attached only after experiencing more than one interception. Their subsequent analysis of
the spatial and temporal distribution of single- and multi-interception attachers in the bulk
fluid revealed that the distributions for single-interception attachers followed an exponential
shape. In contrast, those for multi-interception attachers followed a gamma distribution.
Moreover, they found that the spatial and temporal distributions of single-interception at-
tachers under unfavorable conditions exhibited the same rate (kf ) as those under favorable
conditions. They also demonstrated that the self-convolution of the exponential distribution
for single-interception attachers under unfavorable conditions yields the gamma distribution
observed for multi-interception attachers. Additionally, it has been revealed that a constant
fraction (α) is removed from the bulk fluid at each interception rather than at each grain
passed (as described by the classical CFT) [33].

This observed trend in the bulk fluid motivated a new framework and the development of
a novel upscaling approach to predict RPs and residence time distributions (RTDs). To this
end, a general random walk model was proposed to utilize information from single-interception
attachers to predict RPs and RTDs [3]. This model treats interception events as statistically
independent and identically distributed (iid). By incorporating the appropriate α value and
the favorable rate kf , the model offers an efficient upscaling strategy for predicting colloid
transport and retention under unfavorable conditions [3]. However, this approach was highly
empirical in nature. While empirical frameworks are useful for predicting colloid RPs based
on certain inputs, they do not provide the theoretical foundation necessary to fully describe
the underlying mechanisms governing colloid transport and retention in porous media. Thus,
the need for a more rigorous theoretical approach arises to better elucidate the interactions
between colloids and the medium, particularly under unfavorable conditions where anomalous
multi-exponential and nonmonotonic RPs emerge.

In this paper, we develop an theoretical model for upscaling colloid transport and retention
in porous media, employing the observed trend in the bulk fluid [33], the concepts of the
upscaled random walk model [3], and the principals of CFT [35] to develop an analytical
framework capable of predicting full RPs under favorable and unfavorable conditions including
those with multi-exponential and nonmonotonic shapes.
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2 Model Formulation

Before developing our general model, we present an overview of the classical CFT upscaling
approach, which has proven effective in predicting RPs under favorable conditions. Building
on this foundation, we then propose a framework that involves upscaling from the grain scale
to the single-interception scale, followed by a subsequent upscaling from the single-interception
scale to the Darcy scale. This approach is designed to construct a general model capable of
creating RPs both under favorable and unfavorable conditions.

2.1 Overview of the CFT Approach

As previously discussed, the CFT framework assumes that a constant fraction of colloids is
removed from the bulk with each grain encountered, herein referred to as αCFT . Figure 1,
panel b, illustrates the traditional upscaling methodology employed by utilizing η and αCFT .
The parameter η can be determined through CFT correlation equations [15, 23, 24]. CFT
assumes an exponential removal from the bulk with distance at a constant rate of kf :

C(x) = Co exp

(
−

kf
⟨v⟩

x

)
, (1)

where Co denotes the influent concentration, C represents the concentration at downstream
distance x, and ⟨v⟩ is the average fluid velocity. In this framework, the concentration Co

is assumed to be sufficiently diluted such that it exerts a negligible influence on the flow
conditions, and the colloids are considered significantly smaller than the average pore size.
Given Eqn (1) and C/Co = (1 − αCFT η)

Nc as shown in Figure 1, panel b, the attachment
rate constant (kf ) can be represented by:

kf = −Nc

x
⟨v⟩ ln(1− αCFT η), (2)

Nc/x represents the number of grains passed within a specific transport distance and is related
to grain diameter (dc) and porosity (ϵ). An expression for Nc/x was developed based on
Happel Sphere-in-Cell geometry as

Nc

x
=

3 (1− ϵ)1/3

2dc
. (3)

Substituting Eqn (3) into (2) gives:

kf =
3 (1− ϵ)1/3

2dc
⟨v⟩ ln(1− αCFT η). (4)

Using the CFT upscaling strategy illustrated in Figure 1, panel b, kf is expressed as
a function of the product of η and αCFT . This product is explicitly incorporated in Eqn
(4). However, under favorable conditions, CFT assumes that all colloids encountering a
grain will attach, implying that αCFT is approximately equal to 1. It is important to note
that, under favorable conditions, substituting αCFT = 1 into Eqn (4) will cause αCFT to
disappear from the equation. Nevertheless, it remains implicitly included, as CFT assumes
that a constant fraction of colloids is removed with each grain passed. Although CFT has
successfully predicted exponential RPs under favorable conditions using Eqn (1) with kf from
Eqn (4), it proves inadequate for predicting RPs under unfavorable conditions, particularly
those exhibiting anomalous multi-exponential or nonmonotonic shapes [10, 23].
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Figure 1: The conventional upscaling method, which utilizes the CFT approach [13], is based
on the following parameters: Co represents the influent concentration, Cp is the concentration
after the colloid has passed through p grains, Nc denotes the number of grains the colloid
has passed, η is the collector efficiency, and αCFT is the constant fraction of colloids removed
by each grain passed. (a) A schematic of a spherical grain illustrating intercepted colloid
trajectories as they enter the NSZ. (b) Upscaling using the CFT approach, with a constant
fractional removal (αCFT ) for each grain passed.

2.2 Upscaling from Grain Scale to Single-Interception Scale

Our upscaling strategy is structured into two distinct stages: (i) upscaling from the grain
scale to the single-interception scale and (ii) upscaling from the single-interception scale to
the Darcy scale. In the first stage, we characterize the transport of colloids from the bulk
fluid to the NSZ without considering attachment processes. In the second stage, we integrate
colloid attachment across successive interceptions. This section focuses on the first stage of
our upscaling approach. In general, upscaling from the grain scale to the single-interception
scale follows a conceptual framework similar to the CFT upscaling scheme presented in Figure
1, panel b. However, our focus here is on capturing the spatial distribution of colloids within
a single-interception order while excluding attachment mechanisms at this stage. As a result,
the delivery of colloids in the bulk fluid to the NSZ during a single-interception event can be
described using the CFT upscaling scheme in Figure 1, panel b, with the removal term (αCFT )
omitted from the process. Consequently, the rate of colloid delivery to the NSZ is governed by
Eqn (5), which remains independent of αCFT and is analogous to the attachment rate constant
under favorable conditions, incorporating the fraction intercepted per grain encountered:

kf =
3 (1− ϵ)1/3

2dc
⟨v⟩ ln(1− η). (5)

5



Al-Zghoul et al. ARC Geophysical Research (2025) 1, 9

This process is illustrated in Figure 2, panel a, where colloid transport is depicted as a
sequence of interceptions, and the rate of colloid interception (within a single-interception
order) is described by Eqn (5). This outcome is reasonable since the rate of delivery to
the NSZ should not be influenced by near-surface interactions but rather governed solely by
the bulk fluid delivery [3, 10, 33]. Therefore, the spatial distribution of colloids among each
interception event is governed by Eqn (1) employing kf from Eqn (5)

2.3 Upscaling from Single-Interception Scale to Darcy Scale

The bulk delivery process at a single-interception order corresponds to the initial upscaling
stage described in §2.2. Subsequently, we seek to upscale from the single-interception order
scale to the multi-interception orders (Darcy) scale. This transition is achieved by iterating the
process occurring at the first stage multiple times (i.e., through successive interceptions), as
illustrated in Figure 2, panel a. This iterative process exhibits scale invariance, as the same
removal mechanism is applied across successive interception orders. At each interception
order, a fraction α of the colloids is removed, as detailed in Figure 2, panel (b). Here,
α is included at the interception scale rather than the grain scale. For instance, once all
colloids experience their first interception, we define α as the fraction of intercepted colloids
that attach, with 1− α representing the fraction that returns to the bulk and begins a new,
independent trajectory toward the next interception. Under favorable conditions, most of the
colloids should attach from their first interception, resulting in exponential RPs with a rate
kf and α ≈ 1 [33]. In contrast, under unfavorable conditions, colloid transport and deposition
proceed through multiple interception events, with only a fraction of colloids attaching at
each event (i.e., α < 1), yielding RPs distinct from those observed under favorable conditions.
Since the sole distinction between favorable and unfavorable conditions lies in the presence of
near-surface interactions, we hypothesize that α primarily drives deviations from the favorable
RP shape.

In this study, we aim to extend our theoretical framework to incorporate two potential
scenarios for α as a function of the number of preceding interceptions: (i) a constant α
across interceptions and (ii) a variable α across interceptions. The first scenario, in which
α remains constant, has been observed in colloid trajectory simulations under unfavorable
conditions [3, 33]. Additionally, we propose an alternative scenario in which α varies as a
function of successive interceptions. While introducing a variable α as a function of successive
interceptions was previously proposed [33], its impact has not been fully explored. To this
end, we seek to develop a theoretical framework capable of accounting for both cases, with the
objective of explaining the non-exponential RP shapes that arise under unfavorable conditions.
A discussion of potential mechanisms underlying the variability of α with interceptions is
provided in §4. Regardless of whether α is constant or variable, the overall retention profile is
governed by a gamma distribution, arising from the summation of exponential distributions
across multiple interceptions [3, 33].

2.3.1 Including Constant α with Interceptions

We begin with the first scenario, in which a constant fraction is removed from the bulk in
which α is constant across all interception orders. Figure 2, panel a, illustrates a schematic
of the process of upscaling from the single-interception scale to Darcy scale. Figure 2, panel
b, depicts the removal process occurring at each interception order. Here, a constant fraction
α of the intercepted colloids is removed at each interception. The remaining fraction, 1− α,
returns to the bulk fluid and begins a new trip toward subsequent interceptions. Based on
the process depicted in Figure 2, panel b, the number of attached colloids after the nth
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Figure 2: Upscaling strategy from the single-interception scale to the Darcy scale: (a)
Schematic illustrating the upscaling process from the grain scale to the Darcy scale via the
interception scale. (b) Removal process at each interception, assuming a fraction (α) is re-
moved from the bulk fluid per interception.

interception (Catt
n ) and the number of colloids returning to the bulk fluid after n interceptions

(Cn) are determined using Eqns (6) and (7), respectively.

Catt
n = Coα (1− α)n−1 (6)

Cn = Co (1− α)n (7)

Figure 2, panel a, illustrates the delivery process to the NSZ over n interceptions. This
process is characterized by a sequence of exponential distributions, each governed by a rate
constant kf . The summation of these exponential distributions across multiple interceptions
yields a gamma distribution with a shape parameter corresponding to the number of inter-
ceptions (n) and a rate constant (kf ), as described in Eqn (5). Consequently, the spatial
distribution of attached colloids during the nth interception (Catt(x, n)) can be expressed
using the following Gamma function:

Catt(x, n)

Catt
n

=

(
kf
⟨v⟩x

)n−1

(n− 1)!
exp

(
−

kf
⟨v⟩

x

)
. (8)
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Substituting Eqn (6) into Eqn (8) yields:

Catt(x, n) =

(
(1−α)kf

⟨v⟩ x
)n−1

(n− 1)!
αCo exp

(
−

kf
⟨v⟩

x

)
. (9)

Equation (9) describes the spatial distribution of attached colloids during the nth inter-
ception order, expressed as a function of kf and α. Importantly, summing Equation (9) over
a large number of interceptions (Ni) yields the RP function, which represents the cumulative
number of attached colloids across all interceptions at each spatial location. This cumulative
distribution is denoted as Catt(x). To derive the complete RP function, the summation of
Equation (9) over Ni is performed such that

Catt(x) = αCo exp

(
−

kf
⟨v⟩

x

) Ni∑
n=1

(
(1−α)kf

⟨v⟩ x
)n−1

(n− 1)!
. (10)

Considering all possible attachments, that is taking the limit Ni → ∞, and recognizing
the Taylor expansion eB =

∑∞
m=0

Bm

(m)! , Eqn (10) can be simplified to

Catt(x) = αCo exp

(
−
αkf
⟨v⟩

x

)
, (11)

Equation (11) can be directly applied to construct a complete RP under both favorable
and unfavorable conditions. Under favorable conditions, where α ≈ 1, Equation (11) simplifies
to Equation (1). On the other hand, under unfavorable conditions (α ≪ 1), assuming that α
remains constant throughout the interceptions, Equation (11) indicates that the resulting RP
follows an exponential distribution with a shallower of αkf/⟨v⟩, compared to the favorable
slope (kf/⟨v⟩) as arrived at by classical CFT.

2.3.2 Including Variable α with Interceptions

As discussed in §2.3.1, the transport of colloidal particles under unfavorable conditions can
be modeled as a series of successful interceptions characterized by an attachment rate kf and
a constant fractional removal per interception, α. This framework results in exponential RPs
with a reduced effective rate (αkf ) compared to the rate observed under favorable conditions
(kf ). While Eqn 11 effectively describes exponential RPs, it is inadequate for capturing the
anomalous transport behaviors that manifest in multi-exponential and nonmonotonic shapes.

We hypothesize that a varying α across interceptions, rather than a constant value, may
contribute to the emergence of non-exponential RPs under unfavorable conditions. To incor-
porate variable α, we follow the upscaling in Figure 2, panel b, allowing αj to vary across
interceptions, where αj represents the attachment fraction at interception j. Thus, after n
interceptions, Catt

n and Cn can be represented by Eqns (12) and (13), respectively, as

Catt
n = Coαn

n∏
j=1

(1− αj−1) , (12)

Cn = Co

n∏
j=1

(1− αj) , (13)

where
∏

denotes the product operator. Substituting Eqn (12) into the Gamma function
represented by Eqn (8) and following the same steps outlined in §2.3.1 and subsequently
rearranging the terms yields:
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Catt(x) = Co exp

(
−

kf
⟨v⟩

x

) Ni∑
n=1


(

kf
⟨v⟩x

)n−1

(n− 1)!
αn

n∏
j=1

(1− αj−1)

 . (14)

This final form of the RP function in Eqn 14 can capture anomalous RP shapes (i.e., multi-
exponential and nonmonotonic shapes) by accounting for a variable α across interceptions.
Importantly, assuming a constant α across interceptions in Eqn (14) simplifies the terms,
ultimately leading to Eqn (11). Therefore, Eqn (14) serves as the general expression applicable
to both variable and constant α across interceptions.

To investigate the impact of a variable α across interceptions on the RP slope near the inlet,
which is critical in determining whether the RP shape is multi-exponential or non-monotonic,
we ask whether the expression in Eqn 14 can even yield such results. One critical feature in
determining this is whether the slope of Catt(x = 0) can be either negative (exponential or
multi-exponential) or positive (non-monotonic) and what conditions must be met to influence
this. In calculating this slope it is sufficient to only focus on the first two interceptions in
Eqn (14); higher-order interceptions are negligible, as third and higher-level interceptors do
not attach near the inlet. As noted, we calculate the slope of the RP (dCatt(x)/dx) at x = 0:

dCatt(x)

dx

∣∣∣∣
x=0

= Co
kf
⟨v⟩

(α2 (1− α1)− α1) . (15)

The sign of Equation (15) determines the slope of the RP near the inlet. This implies that
changes in α within the first few interceptions can potentially account for non-exponential
RP shapes. As indicated by Eqn (15), when α2 > α1/ (1− α1), the RP slope near the inlet
will be positive, resulting in a non-monotonic RP. By contrast, when α2 < α1/ (1− α1), the
RP slope near the inlet will be negative, leading to exponential or multi-exponential RPs.
Therefore, the key factor governing the RP slope near the inlet is whether α2 exceeds or falls
below α1/ (1− α1). Notably, the term α1/ (1− α1) exceeds unity when α1 ≥ 0.5. Given
that α at any interception is constrained between 0 and 1, the RP slope near the inlet, as
described by Equation (15), remains negative (exponential or multi-exponential) for all values
of α2 if α1 ≥ 0.5. More broadly, if α1 ≥ 0.5, the RP is expected to exhibit exponential or
multi-exponential characteristics. However, when α1 < 0.5, the term α1/ (1− α1) is less than
1, in which case the RP slope near the inlet may be either positive or negative, depending on
the value of α2.

3 Model Validation

In this section, we validate our theoretical framework by evaluating its performance under
both favorable and unfavorable conditions, leveraging benchmark simulations from [3]. These
simulations include RPs generated across various degrees of favorability using The One Piece
Model for Particle Tracking [1]. Under unfavorable conditions, the simulations incorporate
heterodomains on the collector surfaces, with the favorability quantified by the fraction of
the collector surface occupied by heterodomains, referred to as SCOV. The simulations were
conducted over a 2D domain consisting of uniform grains with a size of 200 µm (dc), a
porosity of 0.54 (ϵ), and identical colloids of 1.1 µm in size (dp). Further details regarding
the governing equations of the simulations and the DLVO parameters can be found in [2, 3].
Table 1 summarizes the benchmark simulations used for our model validation, listing the
corresponding values of SCOV, ⟨v⟩, η, kf , and α for each case.

For scenarios where α remains constant across interceptions, RPs can be determined us-
ing Eqn (11), which depends on the values of ⟨v⟩, kf , and α under favorable and unfavorable
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Table 1: Summary of cases are used in the model validation [3]

Case No. SCOV% ⟨v⟩ [m/day] ηa kbf [1/s] α

C1 100 4.27 0.0084 0.0024 0.96c

C2 0.45 4.27 0.0084 0.0024 0.25c

C3 0.23 4.27 0.0084 0.0024 0.13c

C4 0.15 4.27 0.0084 0.0024 0.11c

C5 0.15 2.13 0.0136 0.0020 0.11c

C6 0.15 8.54 0.0052 0.0030 0.11c

C7 0.15 4.27 0.0084 0.0024 fα(n)
d

C8 0.15 4.27 0.0084 0.0024 gα(n)
d

a Calculated using correlation equations from [22]. b Calculated using Eqn (5). c A constant
value with encountered interceptions, calculated from pore-assembly trajectory simulations [3].
d Function of number of interceptions (n), synthetically adopted from case 4 and presented in
Figure (4), panel a.

conditions. Since variations in SCOV influence only the near-surface attachment (governed
by α), the parameters ⟨v⟩ and kf remain unaffected when SCOV changes. The first four cases
in Table 1, labeled C1–C4, represent scenarios where only SCOV varies, leading to changes in
α while ⟨v⟩ and kf remain the same. By substituting the values from Table 1 for cases C1–C4
into Eqn (11), the corresponding RPs under both favorable and unfavorable conditions are
computed. These results are compared with the benchmark simulations in Figure (3), panel
a. The outcomes illustrated in Figure 3, panel a, demonstrate strong agreement between the
simulated RPs and those estimated using our analytical model under all tested conditions.
Additionally, Figure 3, panel b, shows agreement between the benchmark simulations and our
analytical model for cases with similar α but different kf , highlighting the influence of changes
in ⟨v⟩ (Cases C4, C5, and C6). These findings underscore the robustness of the analytical
model in capturing RPs accurately under both favorable and unfavorable conditions. Con-
sequently, the model serves as a reliable tool for interpreting colloid transport and retention
dynamics across a range of environmental conditions.

Although Eqn (11) is effective in generating exponential RPs under both favorable and
unfavorable conditions, it is inadequate for describing the non-exponential anomalous RPs
observed experimentally under unfavorable conditions [19, 20]. To address this limitation, Eqn
(14) introduces a variable α as a function of the number of encountered interceptions. This
modification breaks the exponential RP shape, yielding multi-exponential or nonmonotonic
profiles depending on whether α increases or decreases with interceptions. To examine the
impact of varying α, parameters from Case C4 are used to create Cases C7 and C8, as
summarized in Table 1. The key distinction between Cases C7 and C8 and Case C4 lies in
the variation of α with interceptions. In Case C7, α initially decreases with interceptions
before stabilizing at a constant value of 0.11, as in Case C4. This is intended to reflect some
pre-asymptotic behavior that stabilizes to an asymptotic one, consistent with the fact that
at a large distance from the inlet in experiments both multi-exponential and non-monotonic
profiles converge to a single rate exponential behavior. Conversely, in Case C8, α initially
increases with interceptions and subsequently reaches the same constant value of 0.11. These
variations in α are illustrated in Figure 4, panel a. Using the variable α functions from Figure
4, panel a, for Cases C7 and C8 in Eqn (14) generates anomalous RPs, multi-exponential and
nonmonotonic shapes, as shown in Figure 4, panel b. These findings demonstrate that Eqn
(14) can effectively captures anomalous RP behaviors observed under unfavorable conditions
by incorporating a variable α as a function of the number of interceptions. This approach
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Figure 3: Constant α - Validation of the analytical model against benchmark simulations from
[3] under favorable and unfavorable conditions using colloids with a diameter dp of 1.1 µm. (a)
Cases C1 (favorable: SCOV of 100%) through C4 (unfavorable: SCOV of 0.15%) demonstrate
varying SCOV values, leading to different α values for each case, while the value of kf remains
constant across all cases, unaffected by SCOV. (b) Unfavorable cases C4 through C6, with
a constant SCOV of 0.15%, highlight different ⟨v⟩ values, resulting in different kf values for
each case, while α remains constant across all cases, unaffected by ⟨v⟩.

Figure 4: Variable α - Generation of anomalous RPs shapes under unfavorable conditions
(cases: C7 and C8) using our analytical model with synthetically defined α that either initially
increases or decreases with the number of encountered interceptions (n). (a) The α values
as functions of the number of interceptions for cases where α initially decreases (fα(n)

d) and
where it initially increases (gα(n)

d). (b) Creation of anomalous multi-exponential and non-
monotonic RPs for cases C7 and C8, respectively, using our analytical model with synthetic
α data, described in panel a, illustrating the impact of variable α on the shape of the RPs.

enables the representation of multi-exponential and nonmonotonic behaviors, aligning the
suggested analytical model with observed experimental trends. At this stage, these changes
in α are synthetically created to demonstrate the effect of varying α. Still, we are actively
exploring what can give rise to these changes in real settings and discuss possible reasons in
the following section.
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4 Discussion - Why α Could Change Across Interceptions?

Colloid transport and retention in porous media are governed by two distinct processes: (i)
the physics of delivery in the bulk fluid to the NSZ and (ii) the physics governing interactions
within the NSZ [3, 33]. Uniform values of kf (or η) and α throughout the transport domain
will yield an invariant RP shape, resulting in an exponential profile, as depicted in Figure (3).
However, based on Eqns (11) and (14), either kf , α, or both must exhibit spatial variation,
particularly near the inlet, to produce non-exponential RPs. While the spatial variation of α
is primarily driven by the physics inside the NSZ, kf is less likely to vary across the transport
domain due to its dependence on bulk fluid delivery, which remains unaffected by the degree
of favorability. Nonetheless, localized variations in kf near the inlet may arise due to initial
injection conditions [2]. However, this effect is expected to diminish downstream after a few
grains, particularly in the 2D geometry used in their study, and is not expected to be as
significant as varying α. Given these considerations, we propose that spatial variability in
α constitutes a plausible, although not necessarily exclusive, mechanism for explaining the
emergence of non-exponential RP shapes.

Within the NSZ, α is governed by the total interaction potential, encompassing surface
charge heterogeneity, DLVO interactions, extended DLVO interactions, and non-DLVO inter-
actions. Having a value of α less than unity can be interpreted as indicative of a reaction-
limited system, wherein the attachment rate is lower than the maximum rate attainable in
the absence of a repulsive barrier under favorable conditions. While these conditions pri-
marily determine the magnitude of α, their spatial variation governs the spatial variability
of α, rather than their localized effects at specific spatial locations. Therefore, it is essential
to examine whether spatial variations in DLVO interactions or surface charge heterogeneity
contribute to the observed variability in α. First, DLVO forces are strongly dependent on
the material properties of the fluid, grains, and colloids. Consequently, any spatial variation
in these properties would manifest as spatial variation in α. Theoretically, variations in the
distribution of surface charge heterogeneity can potentially justify the spatial variability in α.
However, not all DLVO parameters contribute equally to this variation, as certain parameters
are more sensitive to changes in the system’s physical and chemical conditions than others.

Additionally, incomplete pore-scale mixing near the inlet can naturally induce spatial
variations in the physicochemical properties of the system. Such incomplete mixing and pre-
asymptotic effects naturally give rise to what appear like anomalous behaviors that given
enough time/distance wash out initial and boundary conditions effects [6, 30]. Incomplete
mixing, in the context of solutes, goes through a series of behaviors reflecting initial lamellar
stretching, coalescence, and then asymptotic dispersion [7, 8, 17, 18], and each of these may
persist for longer given the significantly lower diffusion coefficient of colloids relative to a
solute. The earliest stages, particularly for high Peclet numbers, can lead to very extended
regions of incomplete mixing and although this stage evolves quickly over only a few grain
lengths its signature persists over large distances [9, 21]. While theoretical analyses suggest
that variations in material properties or surface charge heterogeneity could account for spatial
variations in α, such effects are unlikely under the controlled conditions commonly used in
colloid transport experiments. Instead, incomplete mixing near the inlet provides a possible
plausible explanation for these variations. This phenomenon occurs over short distances and
can disrupt the uniform distribution of colloids and solutes, thereby impacting interactions
between colloids and grain surfaces. Such disruptions may lead to localized differences in
attachment behavior and transport dynamics. By modifying the physical and chemical en-
vironment near the inlet, incomplete pore-scale mixing might significantly contribute to the
spatial variability of the system’s properties.

The primary objective of this study is to establish a novel theoretical framework capable of
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capturing both exponential and anomalous (non-exponential) RP shapes under favorable and
unfavorable conditions. Our model demonstrates that a constant α across interceptions yields
exponential RPs, whereas spatially varying α enables multi-exponential and nonmonotonic
behaviors. While prior mechanistic trajectory simulations have confirmed that a constant
α with interceptions can occur [3, 33], we speculate that α can vary to explain the emer-
gence of non-exponential RP shapes under unfavorable conditions. Thus, this study focuses
on developing the theoretical basis sufficient to describe the anomalous RPs when α varies
across interceptions without attempting to provide a quantitative characterization of its spa-
tial variation. In summary, while the detailed mechanisms driving the spatial variation of α
fall beyond the specific scope of this study, we propose that the interplay of surface charge
heterogeneity, spatially varying DLVO interactions, and incomplete pore-scale mixing likely
underlies the spatial variation in α and will dedicate future efforts to explore and understand
this potential variability in greater detail. While a recent experimental study ([14]) has re-
ported an increase in α across interception orders, a more detailed investigation of potential
drivers for such variation will be the subject of future work (e.g., [4]).

5 Conclusion

In this study, we have developed a novel theoretical model to upscale colloid transport from
grain scale to Darcy scale under favorable and unfavorable conditions. By incorporating colloid
interception history, the model not only captures traditional exponential RPs but also accounts
for anomalous, non-exponential behaviors under unfavorable conditions. The proposed model
demonstrates that if kf and α remain constants across the transport domain, RPs must
exhibit exponential forms even under unfavorable conditions, though with a shallower slope
of αkf/⟨v⟩ compared to the favorable slope of kf/⟨v⟩, as outlined by the classical CFT.

A key innovation of this work is the development of the model to account for variable α
that changes with the number of interceptions. This modification enables the model to pro-
duce multi-exponential and nonmonotonic retention profiles, which are commonly observed in
experimental settings under unfavorable conditions. The ability to represent these anomalous
behaviors expands the model’s applicability to a broader range of environmental conditions,
particularly in systems where traditional exponential decay does not hold. Although this study
speculates on how α may vary across interceptions, considering factors such as incomplete
pore-scale mixing, spatial variability of DLVO interactions, and surface charge heterogeneity,
it emphasizes the need for further research into the spatial variability of α. This opens the
door for future investigations to better understand the underlying mechanisms contributing
to these variations.

The strength of the model lies in its simplicity and versatility, enabling its application to a
wide range of scenarios, regardless of the complexity of the underlying surface interactions or
the nature of colloidal transport. By incorporating the influence of changing α among inter-
ceptions, the model offers an accurate representation of colloid behavior in natural systems,
where conditions often deviate from idealized exponential assumptions.
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